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Abstract 

In this paper we study the optimal stochastic control problem for a path-dependent 
stochastic system. The associated Bellman equation from dynamic programming principle 
is a path-dependent fully nonlinear partial differential equation of second order. A novel 
notion of viscosity solutions is introduced. Using functional Ito calculus initiated by Dupire 
[13] , the value functional of the stochastic optimal control problem is characterized as the 
unique viscosity solution to the associated path-dependent HJB equation. 

Keyword: Path-dependent PDE, Path-dependent HJB Equation, Viscosity Solution, Back- 
ward SDK, Dynamic Programming Problem, Representation Theory. 

1 Introduction. 

A Markovian backward stochastic differential equation (BSDE) is related with a second order 
partial differential equation (PDE), and a fully coupled forward and backward stochastic 
differential equation (FBSDE) is associated with a quasi-linear PDE. For details, see Pardoux 
k Peng [33], Ma, Proter & Yong [3lJ, and Pardoux & Tang iMj- The second order BSDE 
(2BSDE) is associated to a fully nonlinear PDE. See Cheritdito, Soner, Touzi & Victoir [6] 
and Soner, Touzi & Zhang |41j . An optimal stochastic control problem is associated to a 
Hamilton- Jacobi-Bellman (HJB) equation. See Peng |36| and Yong & Zhou |45) . 

Recently Dupire [13] introduced insightful derivatives with respect to the path for a path 
functional. He provided a functional Ito formula which non-trivially generalized the classical 
one (see Cont &; Fournie [71 18] for a more general and systematic research) . If the Brownian 
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path functional underlying a martingale is C^'^, then it is also a solution of a linear path- 
dependent PDE. 

In general, the coefficients (the generator and the terminal value) of a BSDE are not 
Markovian, and they depend on the whole historical path of the underlying driving Brownian 
notion. In ICM 2010, Peng [37| questioned a path-dependent PDE (PPDE) underlying a non- 
Markovian BSDE. In view of Dupire's functional Ito formula, it is very natural to associate 
a BSDE to a "semi-linear" PPDE, and a stochastic optimal control problem of BSDE to a 
path-dependent HJB equation (PHJB equations). However, a PPDE, even for the simplest 
heat equation, rarely has classical solution. We refer to Peng & Wang |39j for some sufficient 
conditions for a semi-linear PPDE to admit a classical solution. 

The main objective of this paper is to define a new notion of viscosity solution of PPDE 
on the space of continuous paths, and to prove the existence and uniqueness of our viscosity 
solution to a PHJB equation. 

In the classical theory of viscosity solution (see Crandall, Ishii & Lions [9j and Fleming &; 
Soner [TSJ]), local compactness of the state space plays a crucial role. The main difficulty for 
the path-dependent case lies in the fact that the path space is an infinite dimensional Banach 
space and thus lacks of a local compactness. The arguments in Hilbert space introduced by 
Lions (see \27\ I24| ) contain a limiting procedure based on the existence of countable bases, 
and fail to work in the path-dependent case. 

To the best of our knowledge, there are two definitions about viscosity solution for the sec- 
ond order path-dependent PDE. One is proposed by Peng [38j, which describes the "parabolic 
semi-jets", a key technique in the theory of the viscosity solution, on compact subsets of the 
path space. He proved the comparison principle for nonlinear PPDEs in the sense of his 
definition using the classical viscosity solution theory for PDE. The other is given in Ekren 
et al. [14J, which describes the "semi-jets" on non compact subsets in terms of a nonlinear 
expectation. The authors prove the existence and uniqueness of their viscosity solutions for 
a semi-linear PPDE by Peron's approach. Note that Lukoyanov [30j studied the viscosity 
solution of the first-order PPDE by adapting the compactness arguments. 

In a different way, we define the super- and sub-jets on the sub space of continuous paths 
without involving any nonlinear expectation (see subsection 14. ip . Taking advantages of this 
innovation, we succeed at proving that the value functional is the unique viscosity solution of 
the associated PHJB equation. To overcome the difficulty from lack of local compactness, we 
develop a device to find a part of every path at which the given continuous functional obtains 
its local maximum value (see Proposition 15. 6p . Here we adapt the smoothing (and viscosity 
vanishing for the degenerate case) methodology of Lions |26j to our path-dependent case, and 
also use the natural approximating arguments of parameterized state-dependent PDEs. Since 
we are treating the fully nonlinear case, in the passage to the limit, our priori estimates on 
the second-order derivatives of the solutions for the approaching PPDEs play a crucial role. 

After we had completed a draft version of this paper, we began to know some further works 
of Ekren, Touzi, and Zhang (see for details |15 | I16 | IT7], which were sent to us on September 29, 
2012) in the conference "Perspectives on Analysis and Probability in honor of Freddy Delbaen" 
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(September 24-28, 2012, ETH, Zurich). This gives us an opportunity to compare their works 
to ours. On one hand, they directly work with an abstract fuhy nonhnear PPDE, and use 
a more comphcated definition of super- and sub-jets in their notion of viscosity solution, in 
particular their definitions involve the unnatural and advanced notion of nonlinear expectation. 
On the other hand, their relevant results for PHJB equation require stronger conditions: Their 
Assumption 2.8 requires, as they have noted, the diffusion confficient a to be path-invariant 
(see [171 page 8] for details), and, in the degenerate case, their Assumption 7.1 (i) requires 
further approximating structures (see [17', page 29] for details). Our Theorem 15.11 (on the 
non-degenerate case) and Theorem 15.81 (on the generate case) give more general results on the 
uniqueness of PHJB equations, and provide (invoking the classical theory of deterministic fully 
nonlinear PDEs) crucial and deep a priori estimates (more precisely see Proposition 15.51 and 
estimates (j5.46p - (|5.48p below) on our state-dependent smoothing approximations to the path- 
dependent HJB equation. Our methodology appears to be simpler and more straightforward. 
It could be used to study the path-dependent Isaacs equation arising from stochastic differential 
games (see [43] ) and other related fully nonlinear PPDEs. 

Backward stochastic PDE is another tool to study non-Markovian FBSDE. Peng j35| l36] 
established the non-Markovian stochastic dynamic programming principle where he derived the 
backward stochastic HJB equations in a heuristic way. Ma & Yong |32) gave the relationship 
between FBSDEs and a class of semi-linear BSPDEs, and further developed the stochastic 
Feynman-Kac formula. For Sobolev and classical solution of BSPDE, we refer to Zhou [46j, 
Tang Du & Meng [lOj, Du & Tang [Uj, Du, Tang & Zhang tl2j and Qiu & Tang [40j. For 
viscosity solution of BSPDE or SPDE, we refer to Lions [Ml El], Buckdahn & Ma [2, 31 H [5] 
and Boufoussi et al. [1]. In Example 14.81 The relationship between PHJBE and BSHJBE is 
exposed. 

The rest of the paper is organized as follows. In Section [21 we introduce the calculus 
for path functionals of [71 [8] and [13) . and preliminary results on BSDEs. In Section [3l we 
formulate the path-dependent stochastic optimal control problem and disscuss the dynamic 
programming principle, which is crucial for the existence of our viscosity solution. In Section 
m we define classical and viscosity solutions of PPDE, and prove the existence of the viscosity 
solutions for the PHJB equations. Finally in Section [5] we prove the uniqueness of viscosity 
solutions for the PHJB equations. 

2 Preliminaries. 

2.1 Calculus of path functionals 
2.1.1 Space of cadlag paths 

In this section we introduce the cadlag path space on which Dupire |13| firstly proposed his 
functional Ito calculus, which further developed by Cont &: Fournie [3 [8]. 

Let n be a positive integer and T be a fixed positive number. For each t G [0,T], define 
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:= D([0, t],M") as the set of cadlag (right continuous with left hmit) M"-valued functions 
on [0, t]. Let 7 € A^, denote 7(5) the value of 7 at time s (0 < s < T), and for some t € [0, T] 
we denote path of 7 up to time t by 74 := 7(s){o<s<t}£ A". We define A" := U^gjQj,j A". 
Write A for A" if there is no confusion. 

For convenience, define for < t < s < T, and 7^,7^ € A, 

7f(r) := 7t(r)l[o,t)(r) + (7t(t)+x)l{t}(r), < r < t; 
7m(0 := lt{r)l[o,t)ir) + iltit) + x)l[t,s]{r), < r < s; 

77* := 7t(r)l[o,t)(r) + (7,(r)-7,(t)+7t(t))l[t,,](r), < r < s. 
We define the quasi- norm and metric in A as follows: for each < t < t' < T and 

lui't, e A^, 

\ht\\ ■■= sup |7t(s)|, 

0<s<t 

doo{lt,it') '■= sup \lt,t'{s) - -ft'{s)V (2.1) 

Q<s<t' 

Here | • | is the standard metric of the Euclid space. It is easy to verify that (A", || • ||) is a 
Banach space, and {K,d^) is a complete metric space. 

Definition 2.1. (Continuity). Let E be a Banach space. A map u : A — > E is said to be 
continuous at 74, if for any e > there exits 5 > such that for each 7^, S A such that 
dooilt, It') ^ have ||w(7f ) — ^i(7^;)|| < e. u is said to be continuous on A if u is continuous 

at each 7^ € A, denoted u € C(A,E). Moreover if u is bounded, we wriglit u € C;,(A,E), 
and if u{'yt) < C{1 + ||7t||) for all 7^ G A and some constant C, we write u E Ci(A,E) (linear 
growth). If E = M, we use C(A), Cfe(A) and Q(A) for short. 

(Lipschitz continuity). Moreover, a continuous map u : A — > E is said to be Lipschitz 
continuous, if there exists a constant C such that for each 7t,7j/ G A, we have 11^(7*)— w(7{/)|| < 
C dco(7ti7f')) denoted u € Lip(A,E). If E = M, we use u G Lip{A) for short. 

Now we define the vertical and horizontal derivatives of Dupire \T3\. 

Definition 2.2. (Vertical derivative). Consider functional u : A ^ M and 7^ G A. For the 
Euclid base {ei,i = 1, ■ ■ ■ , n} of M", the vertical (space) derivative of u at 7t is defined as 

d^M^t): = limi[u(7^)-^(7<)], i = lr--n, (2.2) 

if the limit exists. If (j2.2p is defined for all jt, we call the map dxU := {dxiU, ■ ■ ■ , dx^u) : A — )■ 
M" the vertical derivative of u. We define the Hessian dxxuilt) in an obvious way. Then dxxU is 
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an S(n)-valued functional defined on A, where S(d) is the space of all n x n symmetric matrices. 

(Horizontal derivative). The horizontal derivative at 7^ G A of a functional u : A — )■ M is 
defined as 

Dtu{-it): = lira \[u{-it^t+h) - u{lt)], (2.3) 

if the limit exists. If (|2.3p is defined for all 7t G A, we call the functional Dtu : A — )• M the 
horizontal derivative of u. 

Remark 2.3. Different from the classical derivatives, the horizontal derivative ()2.3p is just a 
right derivative. 

Definition 2.4. Define C^'^{K) as the set of functionals li : A — )• M which are j times horizon- 
tally and k times vertically differentiable in A such that all these derivatives are continuous. 
Moreover we write u G C^'^(A) if u and all of its derivatives are bounded, and u G Cj'^{A) if 
u G C^'^{A.) and u grows in a linear way. 

Remark 2.5. For u{-ft) = f{t,lt{t)) with / G C^'^(M x M",]R), we have 

Dtu{-it) = dtf{t,-ft), dxu{jt) = d^f{t,-ft), 
which shows the coincidence of Dupire's derivatives with the classical ones. 



2.1.2 Space of continuous paths 

We now let A" := Co([0, t], M"), the set of continuous M""— value functions, defined on [0,t] 
and being at t=0, and A" := Ute[oT] ^t- Here and in the sequel, for notational simplicity, 
we use to denote 70 or vectors and matrices whose components are all equal to 0. Clearly, 
any element 74 G A" hes in A", i.e. A" C A". Then || • || and doo in (12. ip work well in A". 
(A", II • II) is a Banach space, and {K^,doo) is a complete metric space. The superscript of A" 
will be omitted if there is no confusion. 

Let E be a Banach space, n : A — )• E and n : A ^ E are called consistent on A if u is the 
restriction of u on A. 

Definition 2.6. Consider a map u : A ^ E. 

(i) We write u G C(A) if u is continuous at every path 7^ G A under d^. We write 
u G C[,{K) (resp. u G Ci{K), u G Lip{K)) if n G C(A) and u is bounded (resp. linearly growth, 
Lipschitz continuous) . 

(ii) We write u G C^'^{K) if there exists u G C^'^{K) which is consistent with u on A, we 
shall define 

Diu := Dju, D'^u := D^u, on A, (2.4) 

where < i < j and multi index a = (ai, • • • , a„) with the non-negative integers oi, • • • , 
satisfying ai + • • • + a„ < /c. Similarly, we may define the spaces Cl^'iA) and C/''=(A) m an 
obvious way. 
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Remark 2.7. By |13| and [8], the derivatives of u in (|2.4p is independent of choice of u, i.e., if 
u' E C-''*^(A) is another functional consistent with u, then Dl.u = Dl.u' and = on 
A. Thernfore Definition 12.61 (ii) is weh defined. 

2.1.3 Filtration and localization 

Now we introduce the filtration of Ay. Let Qt '■= B{At), the smallest Borel a-field generated 
by metric space {At, \\ ■ ||). For any < t < T, denote Qt ■= Oi^^idx) = ^i^r^i^T)), where 
6t : At At is the mapping 

{etj){s) = 7(t A s), < s < T, for any 7 G At, (2.5) 

and a means the smallest fi-field of the respective sets. Q := {Gt}o<t<T is said to be G- 
filtration. It is easy to obtain that Qt coincides with the smallest cr-algebra generated by the 
collection of finite-dimensional cylinder sets of the form 

{76 AT;(7(ti),---7(tm)) e A}; m> 1,Ag^(M™), 

where, for all i = 1, • • • , m, tj G [0, t]. 
Let TTj : At At be the mapping 

{■Kt-f){s) = 7t(s), < s <t, for any 7 G At, 

It is easy to observe that vr^^(^T) = '^(^t~^(^T')) = i3{At), the smallest Borel cr-field generated 
by metric space (At, || • ||). 

A map H : [0, T] x At — > E is called a functional process. Moreover, we say a process 
H is adapted to the filtration G, if paths of H up to time t - Ht = {H{s, •)}o<s<t is Gt- 
measurable for any t € [0,T]. Let B = {-B(t)}|o<t<T} be the canonical process on A, i.e. 
B{t,j) = 7(t). We denote Bt := {^(■s)}{o<s<t}i it is easily to show that Bt is ^j-measurable. 
For any continuous map n : A — > E, we know that {'u(i?f)}|o<t<T} is an adapted functional 
process. 

Let Po be the Wiener measure of space (At,^?), under which the canonical process B (i.e. 
B{t,'y) = j{t)) is a standard Brownian motion. For any integrable t/T-measurable variable ^, 
denote Po[^] the integration of under measure Pq. 

Let X = {X{t))t(^[o^T] t>e an n-dimensional adapted continuous stochastic process on a 
probability space {fl,J-, {J~t)o<t<T, P)- For any t G [0,T], we denote by X{t) the value of X 
at time t and by Xt the path of X up to time t, i.e., Xt = {X{r)}o<r<t- X can be viewed as a 
random map Q — ?• At, the continuous and adaption of X shows that Xt is J-^ /^^-measurable 
for any t G [0, T]. For any u G C(A), {u{Xt)}o<t<T is an J^-adapted stochastic process. 

The following functional Ito formula was initiated by Dupire |13| and later extended to a 
more general context by Cont & Fournie |8j. 
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Theorem 2.8. (Functional ltd formula). Suppose X is a continuous semi-martingale and 
u e Ci'2(A). Then for any t G [0,T]; 

u{Xt{uj)) - u{Xt{Lo)) = [ Dsu{Xs{uj))ds + l [ a^MXs{u^))d{X){s,uj) 

Jo ^ Jo 

+ / Z)^.n(X^(w))(iX(,)(w), a.e. -uj. (2.6) 

Jo 

A time functional r : A^^ [0, T] (resp. r : A^^ [0,7"]) is said to be a ^-stopping time, 
if : 7 € Ay, t(7) < t} € for every t S [0,T]. Let T be the set of all t/-stopping times. 
Define := {r G T : r > 0}. 

Let u G C(A). Obviously, for any constant A > 0, t(7) := inf |t : n(7t) > A} A T is a 
stopping time. 

For any r G T, define 

A(t) := {7t : 7 e At,* G [0,T],t < t(7)}. 

Definition 2.9. Let r G T and u : A(r) ^ M. We write u G CJ'''(A(r)) if there exists 
u G C^''=(A(t)) such that 

u = u, on A(r). 

We define 

Diu := Diu, ny := L>°n, on A(t), 1 < i < j,l < \a\ < k. (2.7) 

Furthermore, we write u G C^''^(A(r)) if there exists a constant C > 0, such that 

\Diu\, \Dy\ < C, on A(t), < i < i, < |a| < A;. 

Remark 2.10. (i) It is not hard to prove that the derivatives of u is independent of the choice 
of u, i.e., if u' G C-^''^(A(r)) is another functional such that (|2.7p holds, then -DJ-tt = -DJ-u' and 
-D^ti = D^u' on A. Namely, the Definition of -D^n = Dl.u' and = is well defined. 

(ii) For any u G C^'^{A), there exists a r G such that u\a-^ G C^'*^(A(r)). In fact, for 
some C > 0, we can choose 

r(7) = inf {t : \u{-ft)\, \D'uijt)\, |I?°n(7t)| > C, 1 < i < j, 1 < |a| < A;}, 

u and its derivatives are all bounded by C on A(t). 

2.1.4 Space shift 

For any fixed 7t G A and s G [t, T], we firstly introduce the shifted spaces on cadlag and then 
continuous path space. 
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Let Aj* := {7^ € As;7s(r) = 7f(r) for any r € [0,t]} be the space of cadlag paths origi- 
nating at 7t, and A''" := U(<s<r^I'- Let Aj' := € Ap;^ is continuous on [t,s]} be the 
spaces with continuous paths originating at 74 and Aj' := Ut<s<TA2'. It is easy to know that 
(A2*, II • II) ((A]'*, II • ID) is a Banach space, and (A'''',(ioo) ((^'''S c^oo)) is a complete metric space. 

For any map u : A'^* R, define the derivatives in the spirit of Definition I2.2| and define 
the spaces C(A'>'*), Cb{A'^'), C^''''(A'^*) in the spirit of Definitions O and El We also define 
C(A'>*)> Cb{A'^'), Cl'^{hy') in the spirit of DefinitionES 

Let := B{K^) , the smallest Borel fi-field generated by metric space (A^ , || • ||). For any 
t<s<T, denote GT := ^^H^r ) = f^(^7H^T ))= ^ere 6 is defined in ([23]). := {^?}t<s<T 
is said to be ^'''*-filtration. A time functional r : — )• [t,T] is called -stopping time, if 
{7s : 7 € Aj,', t(7) < s} € ^2' for any s £ [t,T]. The set of all -stopping is denoted T'^'. 
Denote 7^* := {r G 77* : r > t}. 

For any r E T^'' , we define C(A'^'(r)) in the spirit of Definition 12.91 

Let \ Ht> be a ^-progressively measurable functional process, and ^ he a Gt mea- 

L J o<t<T 

surable functional variable, let £ A- Define the process H"'^ on [0, T] X A'^^ and the variable 
on Aip, respectively as the restriction of H and on A"^*, by. 



F'^' : = H\ 

t7t . - 



[0,T]xA3? ' 



t7t i 



IS a 



We know that <^ H]' > is a ^''''-progressively measurable functional process, and ^ 

L J t<s<T 

t/^* -measurable functional variable. Especially, r'''* G T'''* if r G T , and r'^* runs through T"^* 
when T reads through T. 

Let 5'''* be the canonical process on A'*'* , we denote Pq* the Wiener measure of the measur- 
able space {Aj^,G'^^), under which the process {B'^^{s) — B"^* {t))t<s<T is a standard Brownian 
motion. For any integrable ^j,' -measurable variable ^, -P(7*['^] is the integral of ^ w.r.t. measure 
^0 ■ 



2.2 Backward stochastic differential equations 

Let {i},J-,{J-t)o<t<T,P) be a probability space with the usual condition (see Karatzas and 
Shreve |20)). and W{s)^q<s<T} be the d dimensional standard Brownian motion. Let J\f be 
the collection of all P-null sets in i}, for any 0<t<r<T,J^ denotes the completion of 
a{W{s) - W{t);t <s<r), i.e., = a{W{s) - W{t);t <s<r)uM. We also write for 

{J^s}s<t<T- 

For any < t < T, we denote by M^{t, T) the space of all J^-adapted, M'^-valued processes 
Y[s)t<s<T with E\J^ |y(s)p(is] < 00 and 5^(0, T) the space of all J^-adapted, R-valued 
continuous processes Y{s)t<s<T with £'[supsg[j -p] l^(^)P] < 
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Now let us consider / : $7 x [0, T] x M x M'^ ^ M with the property that f{t, y, ^;)tg[o,T] is 
progressively measurable for each {y, z) € M x M'^, and we also make the following assumptions 
on / in this subsection: 

(i) / is uniformly Lipschitz continuous about {y,z) G M x M'^; 

(ii) /(•,0,0) €M2(0,T). 

Lemma 2.11. Under the assumptions (i) and (ii), for any random variable ^ € L'^{Q,,J-t,P), 
the BSDE 

Y{t)=i+ f f{s,Y{t),Z{s))ds- [ Z{s)dWs, 0<t<T, (2.8) 
Jt Jt 

has a unique adapted solution (^(i), ^(i))te[o,T] ^ S'^{0,T) x Af^(0,T). 

We recall the following comparison theorem on BSDEs, which is well-known comparison 
theorem (see El Karoui, Peng, Quenez [18j) 

Lemma 2.12. (Comparison theorem). Given two coefficients fi and f2 satisfying above as- 
sumptions and two terminal values ^i, ^2 G L'^{J't), we denote by (Y^,Z^) and (y^,Z^) the 
solution of BSDE with the data (^i,/i) and (^21/2); respectively. Then we have: 

(1) (Monotonicity). If^i >6 and fi > f2, a.s., thenY^{t) >Y'^{t), a.s.Jorallte [0,T]. 

(2) (Strict monotonicity). If, in addition to (1), we also P{S,i > C2}>0, then P{Y^(t) > 
Y'^{t)} > 0, <t <T, and m particular, Y^{0) > Y^{0). 



3 Formulation of the path- dependent optimal stochastic con- 
trol problem and dynamic programming principle 

The frame of dynamic programming principle (DPP) in this section is parallel with the Marko- 
vian case. One can easily obtain this DPP by mimicking the method in |35| I36|. But for the 
convenience of reader we state the details as follows. 

To study path-dependent HJB equations, we draw the support from the forward and 
backward stochastic systems, which describe the stochastic optimal problems. Let the set of 
admissible control processes U be the set of all J^— progressively measurable process valued 
in some compact metric space U. For any t G [0, T], p > 1, U'{Q,J-t;At,Gt) is the set of all 
/t/t-measurable maps : Q — ?> satisfying E'UFtH^ < 00. 
Consider the following functional 6:Ax[/^-M", (t:Ax[/->M"^'^,5:At-)>K and 
/ : A X M X M*^ X [/ ^ M. We make the following assumption. 

(HI) There exists a constant C > such that, for all (t, 77^, y, z, a), (t', 7^, y', z', a') € 
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[0, T]x At xRxR'^ xU, 



|6(7t,a) - b{j^,,a')\ < C{d^{-ft,l't') + \a - a'\), 
Wilt, a) - cr(7j,,a')l < C'(c^oo(7t,7t') + I" - a'l), 
\f{7t,y,z,a) - f{-f't/,y',z',a')\ < C{d^{-it,it>) + \y - y'\ + \z- z'\ + \a- a'\), 
\9{1t) - 9{1t)\ < C\\jT - i'tW- 

For given t G [0, T), J-t /^f-measurable map : — )• and admissible control a(-) G U, 
the according orbit which regards Fj as the initial state is defined by the solution of the 
following SDE: 

rxr*."(s) = Ft(s), allw, s€[0,t]; 

= Ft(t) + //6(X,^*'",a(r))(ir + /;a(X,^''",a(r))dPF(r), a.e.-a;, s G [t,T]. 

(3.1) 

Lemma 3.1. Under assumption (HI), let positive real number p > 2, for any t G [0,T], Ft G 
LP{n,J='t;At,B{At)), a(-) G U, SDE admits a unique (strong) solution X'^*-" : n ^ At 

satisfies that xf''" : — >■ is Ts/B{As) measurable for all s G [t,?"], and < 
oo. Moreover there exists Cp G R, such that for any t G [0,T], a{-),a'{-) G U, Tt,T[ G 
L^($7, Aj; J^t/S(Af)), we have the following estimates, P-a.s., 

E[\\X^''" - X^^'""' < Cp{E\\Tt -T[\\P + \a{s)-a'{s)\Pds), 

E[\\X^''''r\Tt]<Cp{l + E\\Ttr), 
- X^''^P\Tt] < Cp{l + E\\Tt\\P)\r - t<s<r<T 

The constant Cp only depends on the Lipschitz constant of b and a about 7^ and time T. 

Combing Lemmas 12.111 and 13.11 we have 

Lemma 3.2. Let (HI) holds, for anyt G [0,r], p > 2, Ft G LP{n,Tt; At,B{At)) and a{-) G U, 
X^*'" is the solution of the stochastic equation (|3.ip . then the BSDE 

Y^^'^ = g{xl'''')+ r f{X^^^'',Y^^^^{r),Z^^^^{r),a{r))dr 

J s 

fT 

-J Z^'''^{r)dB{r), a.e.P, all s (£ [t,T], (3.2) 

has a unique solution 

{Y'^^'"{s),Z^^'"{s))t<s<T G S\t,T) X M\t,T). 
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Furthermore, there exists a constant Cp, such that, for any t € [0, T], Tt, T'f- G LP{0,, Tt]h.t, B{Kt)), 
a(-) G U, P-a.s., 



E 



sup -y^"" <Cp{E\\Tt-T't\Y' + E \a{r)-a'{r)\Pdr), (3.3) 

t<s<T J Jt 



E 



sup |yr""(s)|P|Jil ^ Cp{l + E\\T 



t<s<T 



E 



sup |yr*'°(s)-yr""(t)|p|Jil <Cp^(i + ||rt||p)(r-t)f 



(3.4) 
(3.5) 



Being particular interested in the case of a deterministic T^, i.e. Tt = G A^: 



X^"°(s) = 7i(s), 



all w, < s < i, 



X^"°(s) = 7t(t) + // a(r))dr + // a(X7*'°, a(r))dT^(r), a.e.-w, alH < s < T. 

(3.6) 



yT*."(s) = 5(Xj*'°)+ / /(X7*''^,y^*'"(r),Z^*'"(r),a(r))dr 

Z^''"(r)dVF(r), a.e.P, all s G [t,r]. (3.7) 

Given the control process a(-) G Z^, we introduce the following cost functional: 
J(7t,a(-)) :=y^*'°(t), P-a.s. V7t G A. 
We define the value functional of the optimal control 

n(7t) := ess sup y^'^''", V7f G A. (3.8) 

We can easily prove that for any t G [0, T] and Tt G L'^{Q, At; J-t/B{At)), 

J(rt,a(-)) =y^*'"(t), p-a.s.. 

Remark 3.3. (1) Here the essential supremum should be understood as one with respect to 
indexed families of random variables (see Karatzas and Shreve [21, Appendix A] for details). 
For the convenience of reader we recall the notion of esssup of random variables. Given a family 
of real- valued random variables ry^, a G /, a random variable rj is said to be esssupQ,g/ rja, if 

^- 1] — Vcn -P-a.s., for any a G /; 

2. if there is another random variable ^ such that £, < rja, P-a.s., for any a (z I, then ^ < r], 
P-a.s.. 
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The existence of ess sup^g/ rjais well known. 

(2) Under assumption (HI), the random variable u{'yt) is -Fj-measurable and L^(r2) inte- 
grable variable, u^jt) turns out to be deterministic. We have 

Proposition 3.4. The value functional u is deterministic. 

Proof. Firstly we show that there exist {an(") £ ^}^=i such that 

= ess sup y^'^*'" = lim Y^J"''\ (3.9) 

By Theorem A. 3 in |21| . it is sufficient to prove that, for any ai(-), a2(') & there exists 
a(-) ^lA such that 

y7t,"i V = y^T*'", p.a.e.. (3.10) 

Actually let a{s) := ai(s)lAi +02(5)1^3, s G [t,r], where Ai := {y^^''"^ > y^*'"^} and 
^2 := {y;*'"^ < y^'^^'^n- The fact E.=i,2 '/^(^^Ia. = E.=i,2 '/'(^^aJ leads to 

UX^""'(s)=7(i)+ r&(E E ^AMr))dr (3.11) 

j=l,2 "^^ j=l,2 j=l,2 

+ TaiY, E Uai(r))dM^(r), t<s<T, 

i=l,2 i=l,2 



E U^y-^^is) = E U9(^?'"') (3.12) 

2=1,2 j=l,2 

+ r fiYl ^A.X?'^% E lA,y^""'(r), E U^^*''^'(r), E lA.«2(r))dr 

■^■^ i=l,2 j=l,2 j=l,2 j=l,2 

- f U,Z^'"'''ir)dWir), s G [t,T]. 

''^ i=l,2 

By the uniqueness of solution of BSDE, we have 

yT*'" = E ^-a.e.. (3.13) 

j=l,2 

hence by the LemmaEH we conclude Ei=i,2 1a, y*'^*'"' = Y^^''"^ VYt^''"^ which yields (fXTOjl . 

Suppose {ai{-)}'^i G U such that p.9p holds. For y^''" is continuous about a(-) G Z^, 
without lost of generality we suppose ai{-) are of the following form 

N 

= YiA,,aijis), se[t,T] 
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here aij{s) G J-^, t < s <T and {^jjl^Li C J^t is a partition of (0, J-^), i.e., U^^^Ai = Q. and 
Ai r]Aj=%,i^ j. Like (j3TT|) and (fXT2|) . we know that 

JV 

It is easy to prove J (jt , Oij {■)) is deterministic, without lost of generality, we suppose 

J{7t,aij{-)) < J{'jt,aii{-)), 
immediately we have J(7i,aj(-)) < J{'yt,aii{-)), combining (|3.9p we have 

lim J{'jt,aii{-)) = u{^t)- 

i— >-oo 

Now we conclude that u{'jt) is deterministic. □ 
The following proposition on functional u is an immediate consequence of (|3.3p and p.4p : 
Lemma 3.5. There exists a constant C > such that, for allO <t <T, 74, 7^ S At, 

(1) \u{jt)-uii)\ <c||7t-7;il; 

(2) |^i(7t)| <C{1 + H\\). 

Now we discuss DPP for the optimal control problem (13. 6p . (13. 7p and (13. 8p . For this 
purpose, we define the family of backward semigroups associated with BSDE (|3.7p . following 
the idea of Peng |36| . 

Given the initial path 7^ € A, a positive number S < T — t, admissible control process 
a(-) S U and a real-valued random variable rj G L^(r2, P; M), we put 



:,':,[r?]:=y^-"(.), se[t,t + 6], 

where the pair {V^*'" (s) , Z"'^''^ {s))t<s<t+S is the solution of the following BSDE of the time 
terminal t + 6: 

(■t+5 



ft+S 

J Z^"'''{r)dW{r), Pa.e., all s e[t,t + 6], (3.14) 



andX"^*'" is the solution of SDE (13. 6p . Then, obviously, for the solution {^^^'"{s), Z'^*'"{s))t<s<T 
of BSDE (|3.7p . the uniqueness of the BSDE yields 

J(7*, «(•)) = Gj,^^"b(^?'")] = G]-^slY'""it + ^)] 
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Theorem 3.6. Under assumption (HI), the value functional u obeys the following DDP: 

u{jt) = esssupG7-°,[n(X7|f )]. (3.15) 

Our proof requires the following lemma 

Lemma 3.7. Let t £ [0,T], Tt e L'^{U, Tt; At, B{At)) . For any a{-) £ U , we have 

u{rt) > Yf'''^. (3.16) 

For any e > 0, there is a{-) £U such that 

u{Tt) < y^^"" + e. (3.17) 

Proof. Since u is continuous about 7^ G and Y^'"°' is continuous about (7f,a(-)) £ At xU, 
it is sufficient to prove (j3.16p for Tt and a{-) of the following forms 

N 

Tt = Y.lAnl 

i=l 

and 

TV 

q(s) = ^lA,a*(s), t<s<T, 

i=l 

with N being a positive integer, a* J^*-adapted, and {Ai}^-^ C J-t being a partition of (17, J-j), 
i.e. ufL^Ai = and Ai n vlj = 0, i / j. We have 

N N 



i=l i=l 

which is ([HT^ . 

In a similar way, we prove ([317)1 . Obviously there exists Ft € ^^(i^, Ji; At, B(At)) of the 
form 

00 

such that 

l|rt-rt||<^, 

where C is the constant in Lemmas 13. II and 13. 21 7^ G Aj and {^j}-^]^ C J-t satisfies Uf^^Ai = Q 
and Ai r\ Aj = %, i ^ j. By Lemmas 13.11 and 13.21 we have for any q;(-) G P-a.e., 

|^r„a_^r„a|<|^ (3.18) 
\u{Tt)-uift)\<^. 
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Then for any 7^, we can choose an J-'*-adapted admissible control «*(•) such that 



n(7D < Y^l''^ - |. 



Let 



combining (j3.18p 



1=1 



00 



00 „ 
>-| + ^U.(S(7:)-|) = -3e + n(f,) 

2 = 1 

> e + ttlrt). 

This is (ISTTD . □ 

Now we prove Theorem 13.61 
Proof. On one hand, 

by (I3.16P and the definition of u, we have 

uht)< sup G]-^sHX^lf)]- 
On the other hand, by (j3.17p for any e > 0, there exists a (zU such that, a.e. P 

The comparison Lemma 12.121 shows that 

n(7*)> sup G7V:jn(X7;';)-e] 

Q:(-)eW 

> sup G7-^,[n(X7;f)]-Ce. 

a(-)GW 

The arbitrary of e guarantees (j3.15p . □ 

In Lemma 13.51 the value functional u is Lipschitz continuous in A^, uniformly in t. As a 
consequence of Theorem 13. 6| it has the following continuity in t. 
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Lemma 3.8. Under assumption (HI), there is a constant C such that, for every 77^ E At, 
t,t'€[0,T], 

l«(7t)-S(7t')l < {^ + Hvt'\\){t-t')-2. (3.19) 

Proof. Let us suppose <t <t' <T. According to DPP we know that, for any e there exists 
a(-) G U such that 

\Hlt)-G]f[u{X?n]\<e. 

Hence 

Hit') - u{-rt)\ <I + II + e, 

where 

I = E\G]f[u{X^n]-G]:f[uM]\, 
II = E\G]f[u{jt')]-Hlt')\. 

Applying Lemmas 13.11 and 13.2^ and noting that u is uniformly continuous about 7^, we have 

/ < c{E\u{x;'r) - u{jt')\y^ < c{E\\x^r - 7t'f)^ < c(i + ht'WW - t)K 

here C is independent of a(-). By the definition of we rewrite II as 

II=\E[u{-ft>) + /(X7"",y^-°(r),Z^*"(r),a(r))dr 
+ I Z^""(r)dVF(r)] -n(7iO| 
= / |/(X7''°,y^*'"(r),Z^*"(r))|(ir] 

<C(l+||7HI)(i'-i)^- 
Since e is arbitrary, we have leads to (|3.19p . □ 

Combining Lemmas 13.51 and 13. 8| we have the regularity for the value functional u. 

Theorem 3.9. Let assumption (HI) be satisfied. There exists a constant C > such that for 
any <t < t' <T, "ft^lt' ^ ^ have 

Hit) - u{i',)\ < C{H,t' - I'A + (1 + h'A + Il7*ll)(i' - i)^)- 
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4 Associated path-dependent HJB equation 

4.1 Path-dependent HJB equation and viscosity solution 

Define Hamiltonian /i:AxMx]R"xM"^"xC/^Mas follows: 

hi-ft,r,p,A,a) := (4.1) 
-Tv{aa^{'jt,a)A) + 6(7*, a) • p + f{-/t, r, a{-ft, afp, a). 

Consider the following path-dependent HJB equation: 

- Aw(7i) - sup/i(7t,'u(7i),i:>a;n(7i),L'a;a;u(7t),a) = 0, -ft&^,t<T, (4.2) 

with the terminal condition 

u{jt) = gilr), IT € At. (4.3) 



Where the Note that the derivatives in (I4.2p is in the sense of Definition 12.21 

In this section we will prove that the value functional u defined by (|3.8p is a viscosity 
solution of PHJB equation (l42]l . 



Definition 4.1. (Classical solution). A functional u G C^'^(A) is called a classical solution to 
PHJB equation (14. 2|) if it satisfies PHJB equation (14. 2p point-wisely. 



Remark 4.2. PPDEs are associated to backward SDEs in Peng and Wang |39) . where the 
existence and uniqueness are given for semi-linear PPDEs under rather strong smoothness 
conditions on the coefficients, the nonlinear source, and the terminal value. 

We introduce the notions of semijets analogous to classical cases (see Crandall, Ishii, and 
Lions [9]). For any u G C(A) and 'jt € A, t <T, define the superjet of u at jt- 

J+{luu):= (4.4) 
{V' G C^''^{h?^) : there exists r G 7^* such that, for any 7 G A'''* and 
s e [i,T(7)],0 = tp{jt) - w(7t) < V'(7s) - u{ls)}, 

and the sub jet of n at 7^: 

J-ht;u):= (4.5) 
{V- G C^'2(A'^*) : there exists T G such that, for any 7^ G A'^* and 
s € [i,T(7)],0 = V(7i) - u{lt) > i'i'fs) - u{%)}. 
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Remark 4.3. (i) In contrast to [14J, our definitions do not involve any nonlinear probability. 

(ii) In general, J''^{^t]u) and J7^(7t;u) are disjoint, and they may be empty. 

(iii) For the help of localizing technique, for any ^p G J^~^{t, 7; u){ respect., ^p G <J~{t, 7; «)), 
we can choose r G TljJ' such that (j4.4p ( respect., (j4.5p ) is satisfied ip G C^'^(A''''(r)). In fact, 
for a positive number M > 0, let r^(7) := inf{s > t : \Dtij{%)\ A|„|=o,i,2 \D"'ip{%)\ > M} 
and let r be the stopping time in (14. 4p ( respect. (14. Sp ). then r^^ A r such that satisfies the 
condition in (j43|) ( respect. (03])) and -0 G Cj)'^(A'>*(r^'^ A r)). 

Now we define the notions of viscosity solutions. 

Definition 4.4. Let u G C(A). 

(i) We say u is a viscosity sub-solution of PHJB equation (|4.2p if, 

-Dtiji-ft) - sup/i(7t,V'(7t),^x'0(7i),^xxV'(7O,a) < 0, G J+ {-ft; u) , -ft G A,t < T. 

(4.6) 

(ii) We say u is a viscosity super-solution of PHJB equation (j4.2p if, 

- Dtip{-ft) - snph{-ft,ip{-ft),D:,tp{-ft),D^^-ip{jt),a) > 0, \/ip £ J' {-ft; u) , -ft G A,t < T. 

(4.7) 

(iii) We say u is a viscosity solution of PHJB equation (j4.2p if u is both a viscosity sub- 
and super-solution. 

Remark 4.5. A viscosity solution of PHJB equation li is a classical solution if it furthermore 
lies in C^'^{A). 

4.2 Existence of viscosity solutions 

Now we give the solution of PHJB equation (g^D with the help of FBSDEs ([M]) and 

Theorem 4.6. Let assumption (HI) be satisfied. Then u defined by (|3.8p is a viscosity solution 
of PHJB equation ^2^1 . 

Proof. Firstly, we show that ii is a viscosity sub-solution. Let 7^ G A and (p G J^{-ft;u) 
be fixed, then there exists a r G 7^* such that (f G C(|'^(A'''*(r)). Consider the first exiting 
Q^^-t\me from the centered ball of radius M > \\-ft\\ in A^*, i.e. {7^ G A^' : ||7^|| < M}: 

T^^-f'j,) := m{{s > t : H\\ > M}, ^-f'j. G A?,'. 

For any a{-) G Z//, define the -stopping time 

fM,a,5 ._ ^(j^7t,") A r*^(XT"'") A (t + S). (4.8) 
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Applying the functional Ito formula (|2.6p . we have 



+ 



f(X?'^,ip{X?'^),aiX?'^,a{r))DMX7'n,»{r))dr 



(4.9) 



(4.10) 



(4.11) 



[DMX?n] ct(X7"-, air))dW{r), 

Jt 

where 

Let (yi-^C-),-?^^!,"! ),-?) be the solution of the following BSDE 

' _dyi.°'^(r) = f{X?''°, yi'"''^(r), Zi'"''5(r), a{r))dr 

Set 

5y°'^(s) := ifix]''"") - yi'°'^(s), 

(5Z°'^(s) := a{X]''",a{s)fD^ip{X]'''''^) - Z^'"'^{s). 
Comparing (jiTU]) and (|4.10p . we have for r G [t, f^'^'"''^], P-a.s., 

-d5y"''5(r) = -/:(X7*'°,a(r)) 

+/(X7*'-,v^(X7"-),c7(X7"",a(r))^D,(^(X7-°),a(r)) (4.12) 
-/(A;*'", yi'"''5(r), Zi'°'^(r), a(r)) dr - 6Z{r) dVF(r) 

-£(X7''", a(r)) + ^(r)(5y'"''5(r) + {A, <5Z"''^)(r)j 
-(^Z"''^(r)dVF(r), 

where |^|, |^| < L (L is the Lipschitz constant of /, which does not depend on a(-) and 6 
though A and A depend on a(-) and 6). The solution of linear BSDE can be represented as 
follows (see [181 Proposition 2.2]): 



E 



r*(r)£(X7''°,a(r))dr 



, (4.13) 



19 



where r*(r) is the adjoint process defined on s € [t,f^'^'°''^] by the forward hnear SDE 

dT\s) = T\s) (^A{s)ds + A{s)dW{s)^ , r*(t) = 1, 
Obviously, F* > 0. Since ip G J+{jt,u), in view of Definition 14.41 and Theorem 13.61 we have 



^ya,0(^Ai,a,fi) > ess inf JY"''' (t) = 0. (4.14) 



Hence taking ess inf„(.-)g^ on both sides of equation (j4.13p . we have 



= essinf^[5y"'^(t)] 



We have 



= essinfS[,5y°''5(f^'"''^)r*(f*^'°'^) - T T\r)C{X;!'''',a{r))dr] 
>-esssupS[ / r*(r)/:(X7*'",Q(r))dr] 

~M,ci,5 

= — esssup < -E[ / C{'jt,a{r))drj 

a{-)&A ^ Jt 

+ EJ^ [C{X;!''",a{r))-C{jt,a{r))]dr (4.15) 

+ E[ (r*(r)-l)/:(^7-°,a(r))(ir]} 

> — esssupi?[ / £(7t, a(r))(ir] + 

a(-)ew Jt 

-esssupS / [£(X7''",a(r)) -£(7t,a(r))]dr 
a{-)eU Jt 

-ess sup S[ / (r*(r) - 1)£(X7''°, a(r))dr] 
a(-]eU Jt 



■ ess sup I — ess sup II — ess sup III. 

a{-)eU a(-)£U a{-)eU 



ess sup / < ess sup ^[(f^^'"-'^ - t) sup£(7t,/3)] (4.16) 
< sup£(7t,/3)esssup^[(f^^^'"''^ -t)]. 
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Now we estimate higher order terms // and ///. For any a(-) G lA, the definition of 
stopping T^^'^^^ in (|4.8p imphes the boundedness on [t, r^'^'"^'^] of the terms a(r)), 
a(X7^'",a(r)), Di^{X7"" , a{r)) with i = 0,1,2, and A<^W'",a(r)) in a(r)). 
Therefore, a(r)) is bounded on view of Lemma 13. H we have 



E[ sup |X^*'"(r)-7(t)l2] <(:7^[f*^'"'^-t], 
E[ sup [r*'"(r)-l|2] <(:7^[f^^'"'^-t], 



t<r<T^ 



which, combined with the Lipschitz continuity of b, a and / and calculating carefully, fur- 
thermore imply 



E[ sup |/:(X7*'-,Q(r))-/:(7i,a(r))|2] <C7i^[f 

t<r<f*-f,<i,a 



with the constant C being independent of a(-) and 5. Applying Holder inequality, we have 



<[E{f 



M,a,8 



-t) sup |£(X7*'",a(r)) -/:(7t,a)I 
tf]^E\ sup |/:(X7*'°,Q(r))-/:(7t,a) 



< C[E{f^^^'^'^ -ty]^[E{f 



M,a,6 



< C[E{f^^^'^'^ -t)5]^[E{f 



M,a,S 



(4.17) 



and 



\III\ < CE 



-.M,a.5 



|r*(r) - l\dr < CE[{f^'^'^ 
<C{E{f^^'^'^ -t)f)^E[ sup |r*(r)-l|2]^ 

Substituting KT6\i . KT7}i and (|4T8]) into (|4J5]) . we have 

< (sup/:(7t,a) + C5^)esssup^[('r*^'"'^-t)]. 

ae!7 a(-)eW 



t) sup |r*(r) - 1|] 



(4.18) 



(4.19) 



For every a(-) € Zi, we have 



E[if 



M,a,5 



t)] > 0, esssupi?[(f 



M,a,S 



t)] > 0. 
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Therefore, 

< {sup C{jt, a) + C6^). 

aeU 

Taking (5 — )• 0, we have 

< sup C{jt, a), 

which shows that is a viscosity sub-solution of PH JB equation (|4.2p . 



It remains to prove that u is the viscosity super-solution. For any ^ J (74, tt), we define 
^yo,(5 ^ similar way of (|4.12p . but instead of (j4.14p . we have 



<5y"'^(f*^'"''^) < 0, Va(-) G U; essinf 5y°'''(t) = 0. 

a(-)GW 



Combining (I4.12p . we have for any a €zU, 



= essinf(5y°'''m < dY'^'^t) 



<-E[j^ r*(r)/:(X7*'",a)fir] 

= -E[ C{-it,a)dr\+E / a) - £(7^, a)]dr 

Jt Jt 

+ E[j^ {T\r)-l)C{X^}^^,a)dr] 



< -/:(7t, a)^[f*^'"''^ -t] + C6^E[f^^''''^ - t], 

where in the last inequality we have used (I4.17P and (I4.18p . Since f^'"''^ — t > 0, P-a.s., we 
have 

^[f Af,a,5 _ > 0, 

and then 

Setting 5 — > 0, we have 
which implies 

sup£(7f,a) < 0. 

Hence u is a super-solution of PHJBE (j4.2p . We complete the proof. □ 
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Remark 4.7. The value functional u can be defined on the larger space A, and so is the 
PH JB equation (|4.2p . We can prove Theorem 14.61 holds on the space A using slightly different 
argument. 

Example 4.8. We will show that the well known common stochastic optimal control problem 
could be viewed as a special form of (|3.6p . (j3.7p and (j3.8p . and under the smooth condition 
the corresponding PHJB equation is associated to a backward stochastic HJB equation. 

Let {Bt}o<t<T be a d— dimensional Winner process under measure space (Q := A^,Po). 
It is well known that the familiar non-Markovian stochastic optimal control problem is of the 
following form, for any a(-) E U, {t,x) € [0,T] x M", define the forward backward stochastic 
differential system: 

(iX*'^'"(s) = 5(5,, a{s))ds + a{Bs,X^''''°{s),a{s))dB{s), t<s<T, 

= X, 



_jyM-,"(5) = fi^Bs, X, y*'^'°(s), Z*'^'"(s), a(s))ds - t<s<T, 
y*'^."(r) =5(5t,X*'^'"(T)), 

with 6 : A"' X M" X [/ ^ M", a : A'^ X M" X [/ ^ R"^'^, / : A'^ x x M x M'^ x [/ ^ M and 
5 : Af, X ^ M. The optimal value field u : [0, T] x M" x J] ^ M: 

u{t,x) :=esssupy*'^'"(t). 
"(■) 

This problem is path dependent on Bt and state dependent on X(t). Now we transform 
this problem into the path dependent case. For any (7*,^*) G A*^ x A", a ^ U, let us define 
b : A'^+" xU ^ M'^+", a : A'='+" xU ^ ]^{d+n)xd^ j . p^d+n x R x M"^ x [/ ^ M and 5 : A^+" ^ M 
as 

( 6(7i,et(o,«) ) ' 

( <j{-it,it{t),a) ) ' 
Klt,it{t),y,z,a), 

g{iT,i{T)). 

Following dSS]), dSZD and for any (7t,6) E A'^ x A" and a(-) e U we can define 

X(Tt-?t).", y{7i,et)," and n(7t,6) := esssup„(.)g2^ y('^*'^*)'"(t). Note that n(7t,6) only depends 
on the state x = ^t(t) of the path at time t — instead of its whole history up to time t, 



^((7i,6),a) : = 
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and thus we can rewrite and u{-ft,^t) into y7t,^,a^ and u{-yt,x) 

respectively. The uniqueness of solution for the FBSDE leads, for any {t,x) € [0, T] x M", 



= X^*'^'"(s), a.e. P, t<s<T, 
=y^''^'"(s), a.e. P, t<s<r, 
x) = u{Bt,x), a.e. P, t < s <T. 



Furthermore, in view of Theorem 14.61 u{jt,x) is a solution to the PDE: 



—Dtu — sup 



^Tr (crcj^(7t, X, a)dxxu) + b{-ft, x, a) ■ d^u + ^TvD^^i 



(4.20) 



+cT(7f, X, of D^^u + /(7t, X, -u, D^u + (T(7t, x, of dxU, a) 



0, (7t,x) G A'^ X M". 



Here, P*^ and D-y^ are the path vertical derivatives in 7^ € A'^, and dx and (9a;a; are the classical 
partial derivatives in the state variable x. 

If 11(^1, x) is smooth enough, applying Ito formula to u{Bt,x), we have 

du{Bt,x) = {Dtu{Bt,x) + ^TrDjju{Bt,x))dt + Dju{Bt,x)dB{t), 

for the expression of Dt in (I4.20p , it leads to 

du{Bt,x) = - sup [l-Tr{aa'^{Bt,x,a)da:xu) +b{Bt,x,a) ■ dxU 

a{Bt, X, a)^ Dx'-fU + f{Bt,x, u, D^u + a{Bt, x, a)^dxU, a)] dt 
+ D^u{Bt,x)dB{t). 

Define the P^-adapted process p{t,x) = D^u{Bt,x), we have that u{t,x) = u{Bt,x) satisfies 

du{t,x) = - sup \l-Tr{aa'^{Bt,x,a)dxxu) +b{Bt,x,a) ■ dx-u (4.21) 

a{Bt,x,a)'^dxP+ f{Bt,x,u,p + a{Bt,x,a)'^dxU,a)^dt 
+ pdB{t), 

with the terminal condition 



u(T,x) = g{BT,x) 



(4.22) 



The fully nonlinear BSPDE of form (14.211) and (I4.22p is the stochastic H JB equation introduced 
by Peng [35ll36]. 
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5 Uniqueness of viscosity solution 



In this section, we show the main result of this paper, the uniqueness of the viscosity solution 
for path-dependent HJB equations. We discuss both non-degenerate and degenerate cases. 

5.1 Non-degenerate case 

Except for adding the non-degenerate condition, we extend (HI) by defining the coefficients 
on A for the convenience. We make the following assumption. 

(H2) There exists a constant C > such that, for all {t,^T,y, z,a), {t' ,j'rp,y' ,z' ,a') € 
[0,r] X At X M X M'^ X [/, the following functional b : A x U M.'' , a : A x U W"^, 
5 : Ay — ;> M, and f: AxM.xR'^xU—^-M. satisfy the following conditions: 

\b{lt,a) - b{j[,,a')\ < C{doo{lt,7t') + \a - a'\), 
Wilt, a) - cr{j[,,a')\ < C{doo{lt,it') + I" - a'l), 
|/(7t,y,z,a) - f[it,,y\z\a')\ < C{doo{nul't') + \v- y'\ + z'\ + |a - q'|), (5.1) 
\9{it) -g{iT)\ < C'IItt -7rll- 

Moreover, b, a, g, and f are bounded, and 

> ^In. (5.2) 



The uniqueness of viscosity solutions of (14. 2p is an immediate consequence of the following 
representation theorem. 

Theorem 5.1. (Representation Theorem) Suppose that (H2) holds. Let u £ Cfe(A) be a 
viscosity solution of (14. 2p . Then u is the value functional u defined by (13. SD . 

In view of the comparison theorem of BSDEs, we immediately have the following compar- 
ison theorem. 

Corollary 5.2. (Comparison Theorem) Assume (H2). Let ui,U2 G Cb{A), 51,172 G Cbi-^T), 
91 ^92- Furthermore, let ui and U2 be viscosity solutions of PHJB equation (|4.2p . satisfying 
the terminal condition: for any 77- € At 

uiinr) = 51 (7t), 
U2{it) = 52 (7t)- 

Then ui <U2- 
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Theorem 1 5 . 1 1 will be proved. 

Assume without loss of generality that, there exists a constant C > 0, such that, for all 
{'yt,P,A,a) G A X X M"^" x U and ri,r2 G M(ri < rs) , 

h{jt,ri,p,A,a) - h{'yt,r2,p, A, a) > C{r2 - ri). (5.3) 

Otherwise, define n(7t) = e~^^u{'yt) for A > 0. Then u is a viscosity solution of PHJB equation 
(|4.2p if and only if n is a viscosity solution of the following PPDE 

j -Dtu - sup^gf/ /i(7t, u, Du, D'^u, a) =0, 7t G A, 
\u{-fT) = e"^*5(7r), 7t e At, 

where 

h{jt,r,p, A, a) := Ar + e^*/i(7t, e'^V, e'^^p, 6"^*^, a). 
Obviously, /i satisfies ()5.3p for sufficiently large A. 



5.1.1 State-dependent smooth approximations 

First, we construct the state-dependent approximations of the path functional u. Let m be 
a positive integer, and tj := ^T,i = 0, 1, • • • m, which divide the time interval [0,T] into m 
equal parts. Now for all t G [0, T], we define the truncating operator : A^ — >■ Aj by 

k-2 



'Mir) = ^7(ti)l^,t,+i)W+7(tfc-i)lfe_i,t)(0+7Wlm(0 

k-l 

= Y^^liti) - l{ti-i))l[u_„t]{r) + (7(t) - 7(tfe_i))l|i|(r), 



i=l 

with k being a positive integer such that t G {tk-i,tk]- 

We define functions ft'" : A x [/ ^ M", a™ : A x [/ ^ M"^'^, : A x M x R'^ x [/ 
5"^ : At ^ M, and i?"' : A X M X M" X M"^" x [/ ^ M as fohows. 

6-(7t,a) = b(F^i^t),a), 

a'"(7t,a) = c7(P^'"(7t),a), 

/"^(7t,y,z,a) = /(P™(7t),y,^,«), 

r(7T) = 5(P"^(7t)), 

/i"^(7t,r,p,Aa) = MP™(7t),r,p,A«)- 
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Prom assumption (H2), we have the following estimates 



|6"^(7t,a)-6(7t,a)| 


< cWPjt 


- itW, 


|(j"'(7t,a) - cr(7t,a) 


< C\\P^t 


-itW, 


\f'^{7t,y,z,a) - f{-ft,y,z,a)\ 


< C\\P^t 


-itW, 


\9"'ht)-9ht)\ 


< C||P7* 


-itW, 


\h"'{7t,r,p,A,a) - h{jt,r,p,A, a)\ 


< C||P7t 


-7t||(l + b| + |A|) 



For each m and i = 1, . . . ,m, define functions i?™'* : {ti-i,ti] x R*^" x [/ -> M", S*"'* : 
{ti^uU] X R^x'* xU ^ W""^, F"^'' : {ti-i,ti] X M'><" x R x M'^ x ^ M, G"* : R'"^" ^ R, and 
iJ'"'^ : (ti-i, U] X R^^'* X R X R" X R"^" x [/ ^ R as follows (with if = (xi, • • • , Xj) G R^''"): 

j=i 
«-i 

i=i 

F"'''{t,x^i,y,z,a) = f(^'^Xjl[t.^^ + x,l{t},y,z,aj, 

m—l 

G'^ixi,--- ,Xm) = g(^^Xjl[tj,T]+Xm^{T}^, 

J=l 

H'^'^it, 4, r,p, A, a) = iTr(E"*'^(E"^'*)^^) + B"^'' ■ p + F'^'^t, Sf, r, (E'^-^'^p, a). 
Obviously, for any 7 G Ay, a E U and i G 

S-'^(t,7(ti),7(i2)-7(ii),---, 

7(*i-i) - 7(*i-2), 7(*) - 7(*i-i), a) , 
S-'^(t,7(ti),7(t2)-7(ii),-- - , 

l{ti-i) -j{ti-2),l{t) -7(ii_i),a), 

i^'"'*(i,7(ii),7(i2)-7(ii),--- , 

7(ti_i) - 7(ti_2), 7(i) - 7(*i-i), z, a) , 
G"^'^(7(ii),7(t2)-7(ti),--- , 

i/™'^(t,7(ti),7(i2)-7(ti),-- - , 

7(*i-i) - 7(^1-2), 7(*) ~7{ti-i),r,p,A,a). 



f"'{jt,y,z,a) = 

5™(7,a) = 
h'^{lt,r,p,A,a) = 
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Furthermore, from assumption (H2), ^'".^^ q-*".*^ and G™" are uniformly Lipschitz contin- 

uous about {t, xo, ■ ■ ■ ,Xi,y, z, a), and 

B ' [ti,Xi,a) = B ^ ' Xi,0,a), 



Xi,0,a), 



Here f{ti+) is the right Umit of the function / at time tj. 
Consider the fohowing FBSDE: 

= (P™7t)(s), all oj, s G [0,i], 



+ / c7'^(X™'T''",a(r))dl^(r), 



a.e.-a;, Vs € [t, T]; 



(5.5) 



fT 



Define 



u^{j^) :=esssupy'^'^""(i). 

a(-)6W 



Proposition 5.3. For a{-) (zU, jt & A, and p > 2, loe /lawe i/ie estimate 



(5.6) 



sup |y'"'^*'"(s) -y^*'°(s)H < Cf0sc(7t,m-i) 



where 



Osc{'^t,'rn ^) := max |7(s + (5) — 7(s)| 

0<s<s+(5<t,0<<5<i 



is the oscillating amplitude with time m ^ of jt in the interval (0, t) . 
Proof. By ([5:4)1 . 

!6'"(Xf'T*'") -6(X2"'°)| 

<c(||P'"xf -T*'" - P"'X2"'°|| + ||p™x2''" - 
<c(||x™'^*'" - + ||P'"X7''° - X2*'"||). 



(5.7) 
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In a similar way, we have 



ir (Xr-^--, y', z', a) - f{XT'-, y, z, a) \ 
<C(||X,"^'^''° - X]''^ + IIP^XJ*'" - XJ'-'^II) + \y- y'\ + \z - z'\. 

Applying Ito formula, BDG and Gronwall inequality, by the standard argument we have 



CE 



max 
1 < i < m 



< C(0sc(7t,m-^)P + m" 



^||^m,7i,a_y7t,"|[p 

<c(^0sc(7t,m"^)P + m"2^. 

Obviously, (j5.7p yields, for any 7^ G A, and any positive integer m 

\u{-ft)-u'^i-ft)\ < c(0sc(7t,m-i) + m-5) ^0, 



m 00. 



□ 



(5i 



Let {V^'^ji 

=i, - m be the unique viscosity solutions of second order parameterized nonlinear 
parabolic equations 



{t,Xi) G {ti-i,ti) X 
i < m, Xi gW- 



i = 1 



, • • ■ ,m; 



(5.9) 
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According to the the relationship between viscosity solution of HJB equations and the control 
problems, we have, for any 7^ G A,t G [ti-i,ti) 

m 

1=1 

Second, we construct the smooth approximations of u'^. For this purpose, we mollify 
sup„ Consider the foUowing mollifier : R x x M x x M""" h-^ M be 



'Cexp ( - (1 - (t - 1)2 - - - - , 

(t-l)2 + |x|2 + r2 + |p|2 + |^|2<i; 

0, else. 



where C is the constant such that J (f = 1. Let 

Mt,x,r,p,A) := e-(-'+^-+M-, -)■ 

£ s e e e 

Now we extend iJ"*'* on the interval t G [— by 

H"^'' (t, ^i,r,p,A,a) := H"^'' [U.^ 4, r, p, A, a) . 
and mollify sup^i?"^'* on interval {ti-i,ti] as 

4-'^(-,a;-t, •,-,•) := (^supi/-'^(-,a;-t, •,-,•,«)) (5-10) 

where * is the convolution operator about {t,Xi,r,p, A). Obviously, i?™'* is differentiable in 
{t, Xi, r,p, A) and Lipschitz continuous about (xi, • • • , Xi-i). Observing the structure carefully, 
we obtain that 

\HP'' - supff^'^l < C(l + \p\ + \A\)e, (5.11) 

a 

and H^"'^ satisfy the following structure conditions: 

\dtHr^^\ + \d,Mr''\<cii + \p\ + \A\), 

\dpHr''\ + \Hr'\tM,r,p,0)\<C, 

< {dj,kHr'%k=l,-n < CIn, (5.12) 
drH^'' < -C, 

H'^'^ is convex in A. 
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Consider the following system of fully nonlinear parameterized state-dependent PDE 



pmxn 



' (T^ X\, • • • , a^m) = G""(xi , • • • , XjTj) , (xi , • • • , Xm) G 

By the standard arguments about deterministic PDE, we have following key lemma. 

Lemma 5.4. The system (|5.13p have unique viscosity solutions {14™'*}^]^. Moreover, Vj^'^ 
is bounded and Lipschitz continuous about Xj_i, and there is a positive constant C which is 
independent of m, i, and e, such that for each i = 1, ■ ■ ■ m and each G W^^^~^\ we have 
the following: 

(1) IS Ci'2([t,_i,t,) X M"), and 

\d,X"''\tM)\ <c, |a,,,,v;-'^(t,4)|<c. (s.m) 

(2) smoothly approximating rate: 

\VJ^'' Ce, (5.15) 

Proof. By Perron's method and comparison principle (see [9]), system (j5.13p has unique vis- 
cosity solutions. It is easy to see that the solutions are bounded and Lipschitz continuous 
about Xi-i. 

In view of Wang |44| Theorems 1.1 and 1.3], using the interior C^'° and C^'" estimates for 
the equations of the structure conditions (15. 12^ (see Lieberman |23l Chapter 14, Section 2-4]), 
we have assertion (1). 

It remains to show assertion (2). Form (I5.14P and (15. IIP , we see that, when M is sufficiently 
large, V^'^+Me is a viscosity super-solution and Vj^'^ — Me a viscosity sub-solution of equation 
(|5.9p . which imply (|5.15p by the comparison principle. □ 

Now, define 

uTht) (5.16) 

m 

= 5^X[t,_,A)(*)K'"'H*'7t(ii),7t(i2) - Itih), ■ ■ ■ MU-i) - lt{ti-2)Mt) - lt{ti-i)), 
1=1 

and 



m 

■■= AU-uU)i^)HT'\t^ lt{h)nt{t2) - Itih), • • • , 7t(ti-i) - lt{ti-2),lt{t) - lt{ti-i),r,p, A). 



1=1 
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Obviously, is the classical solution of the following path-dependent PDE 
f-A< - h^{^t,u^,D,u^,Dl,u^) = 0, V7J G A,0 < t < T; 



(5.17) 

(7t) = G-(7t), VttSA. 



Moreover we have from Lemma (15.41). 



Proposition 5.5. There is a positive constant C , independent of m and e, such that 
(1) 



m ~m\ 

''£ 



(5.18) 



(2)uf C7i'2(A) and for all -ft&A,t<T, 



\D,u^{jt)\ < C, (5.19) 
\d^xuT{lt)\ < C. 



(j5.1ip easily yields 

- sup < C{1 + IpI + |^|)e. (5.20) 

a 

Combining (|5.8p and (|5.18p . we directly have for all 74 € A 

hm |n(70-C(7t)l =0. (5.21) 

m— >oo,e— >0 

Note that the convergence in (j5.2ip is not uniform in A. 
5.1.2 Local maximization of the path functional 

In the viscosity solution theory of state-dependent PDE, the uniqueness is usually obtained by 
the contradiction at the maximum point of the difference of two solutions. It is difficult to find 
the maximum point inside a domain of A, for A is not locally compact as an infinite dimensional 
space. Sharpening an assertion of page 22] concerning the local maximization of (partial) 
almost all paths, we have the following local maximization of every path, which is crucial to 
our subsequent analysis of the smoothing approximations in the next two subsections. 

Proposition 5.6. Let w € Cb(A). There exists time map t* : At [0,T] such that, for any 
7 G At, 

1'^(7t-(7)) > wijs), for any js G A^-*(^), (5.22) 

and 

wi%*^^)) > vuiO). (5.23) 
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Proof. By the theory of optimal stopping (seeing Karatzas and Shreve[2T| Appendix D]), there 
exists at least one optimal stopping f, i.e. f satisfies 

Po[wiB^)] = supPo[w{Br)], (5.24) 
rer 

and 

w{Br) = ess sup Po[w{Br)\g^] na.e.. (5.25) 

t£T,t>t 

That is to say, there is a set Ai G At with /u(^i) = such that for each 7 € At\Ai, each 
T G T, r > f, 



u;(7f(^)) > Po[wiB^)\gm = p;;''''[w{iBrrn,))] = pj^(^) 



For T'^'^(y) runs through T"^^iy) when r reads through {t £ T;t > f}, Lemma 15.71 (which will 
be given below) yields that, for each 7 € At\Ai, 

w{^r{^)) > w{-fs), for ah 7, G A'^-C^). 

Define A2 := {7 G AT;w{Br) < w{0)}. We claim that 

Po{A2) = 0. 

Otherwise, define 

f : = 



f, on ^2; 

0, else. 



Then PQ[w{Br)] > Po[w{B;^)] which contradicts that f is an optimal stopping time. 

For the path 7 G At\{Ai[JA2), let T*{'y) := f{'j), the definitions of Ai and A2 immediately 
yield that (fO^]) and (jS^^gj) hold true. 

For the path 7 G ^1 U A2, there exists a sequence {7"^}m=i,2,- - C Ar\(Ai U A2) such that 

(^00(7,7"") ^0, m^oo, (5.26) 

because of fi{Ai U ^2) = 0. We choose a subsequence of {'y"^}m=i (still denoted {7"^}) such 
that {t(7'")} converges. Define 

T*(7) := lim f(7™). (5.27) 

m— >oo 

We should remark here, t*{'j) in (|5.27p will be different if the choice of {'y'^}^^^ is different, 
but this dose not impact the conclusion. 

(jOej) and (fOT]) show that, for any 7 G Ay, s G [t, T], 



00, 



doo(7r*'\7. ') ^0, m^oo. 
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7*" and f(7™) satisfy 



wi^T^^^)) > ^x;(7. for all 7 € At, r(7) <s<T, 

^7"^™))>^i'(0). 

Let m — >■ 00, the continuity of w concludes that (j5.22p and (|5.23p hold true at 7^ for r* defined 
by □ 

The following lemma has been used in the preceding proof. 

Lemma 5.7. Let w G Cb{A). If 

w{0) > Po[w{Br)], for all reT, (5.28) 

then 

w{0) > w{jt), for all G A. (5.29) 

Proof. We prove this lemma by contradiction. Suppose (|5.29p does not hold, in other word, 
there exists 7^ G A such that w{0) < w{'^t)- By the continuous of u, there exist a neighborhood 
of 7t 

^t,e{lt) = {7 e At; ||7t - lt\\ < e}, 

such that 

w{0) < w{^t), for any 7 € Bt,e{lt). (5.30) 
Furthermore, Bt^eilt) is ^t— measurable and 

P^lBtAlt)] > 0. (5.31) 

Now we define 

^(^) = ^ ^ 'Bt,,(7t); 

1 0, else . 

Then f is a stopping. (|5.30p and (j5.3ip lead to w{0) < PQ[w{Br)], which contradicts (j5.28p . □ 



5.1.3 Proof of Theorem 15.11 

Let n be a viscosity solution of PHJB equation (j4.2p . and u be defined by (|3.8p . 

It is sufficient to show u < u since the inverse of which can be proved in a similar way. 
Otherwise, u{'yt) — u{'yt) := 5 > for some ^ A, t < T. Without loss of generality, take 
7f = for convenience, that is 

n(0) - n(0) = 6>0. 
For sufficiently large m and sufficiently small e > 0, (|5.2ip yields 

C(0) - u{0) > U 
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Since jg™ — ^1 — >■ as m — >■ oo, we have that for some fixed 7 G At and sufficiently large m, 

\uTilT) - n(7T)| = |5™(7t) - <7(7t)| < ^5- (5.32) 

In view of Proposition I5.6| there is a time map r* such that w := — u satisfies (j5.22p 
and ([OH]) . Set t := r*(7). We have 

<(7i) - n(7i) > <(0) - n(0) > i<5 (5.33) 

and 

nr(74)-tx(7j) >nr(7,)-n(7.), V7sGA^*. (5.34) 

(f02]l and dOSjl show that t < T. 
Define 

V^(7.):=<(7.)+«(7*)-C(7t), 7.gA^*. (5.35) 

Then S C^'2(A^*) and (l53il) shows ^ G J~{u,^t)- Since li is a viscosity super-solution to 
PHJB equation (j4.2p . in view of (j4.7p . we have 

< -A^(7t) - sup/i(7i,^/;(7t),Z)^^(7t),L'a;xV'(7t);a) (5.36) 
= -Dtu^{jt) - sup h{jt,u{'jt),D.^u'^(^t),D^xu'^{7t), a) 

+ [/i™(7t,<(7t),^.<(7t),^..nr(7t)) - snph^{jt,u^{^t),D^uT{^t),D^^u^{jt),a)] 
+ [sup /i"(7t,C(7t),^.C(7t),^xxnr(7t),«) - sup /i(7t, nr(7t), ^x<(7*), ^xxC(7t), «)" 
+ [sup/i(7t,n^(7t),L'^n™(7t),D^^ti^(7t),a) - sup /i(7t, ^(74), Z)^.ii™(7j), L>^^n™(74), a)] 
■.= 1 + 11 + III + IV. 
Since is a classical solution to PPDE (|5.17p . we have 

1 = 0. 

From estimates ()5.20p and (|5.19p . we have 

\II\ < Ce, 

From the estimates (|5.4p and (|5.19p . we have 

\III\ < Cr^t - 7tl! < C||P"^7T - 7t||. 
35 



Both dO]) and (f03]l imply 

IV <-C{uT{it)-u{^t))<-\c5. 

Let e — )• and m oo, (|5.36p implies that < — ^C5, which is a contradiction. The proof is 
complete. 

5.2 Degenerate case 

In this subsection, we only assume aa'^ > 0, rather than the stronger non-degenerate condition 
(|5.2p . As a cost, we need the following extra smooth conditions on the coefficients. 

(H3) Functionals b : kxU ^ W\ a : K-aU ^ M"''^, 5 : At ^ M and f : AxMxM'^xC/ M 
satisfy (jS.ip . Furthermore, for any a £ U, a{-,a), b{-,a) € C^'^(A), <^ € C"'^'^(At), and 
/(•,-,•, a) G Ci'2'2.2(A X M X M"). 



We have the following representation theorem. 

Theorem 5.8. (Representation Theorem) Suppose that (H3) holds. Let u £ Cb(A) he a 
viscosity solution of (|4.2p . Then u = u, where u is defined by (j3.8p . 

Proof. Similarly as in the non-degenerate case, we assume that / strictly decreases about 
?/ E M. Without loss of generate, i.e., there exists a constant C, for any 7t G A, z € M", a € C/ 
and yi, 1/2 G M (2/1 < ^2), 

f{7t,yi,z,a) - f{'yt,y2,z,a) > C{y2 - yi). (5.37) 
Step 1. We prove u > u. 

First we construct an approximation of u. For any 5 > 0, positive integral m, ^ and 
a(-) G iY, let X^'"^''^*''^ and y5.™->7t>a the solutions of following stochastic equations 

= (P'"7t)(s), ah cj, < s < t, 

+ [ a™(X^^'™'T*'",a(r))dTy(r) - a.e.-w, ah s G [t,r]; 

Jt 

(5.38) 

y5,m,7t,a(g) ^ 5™(A:^'"''^*'") + / /" (X^^'™'^*'" , y^'"^'T*'"(-) (r) , Z'^-'^'T*'" (r) , a(r) ) dr 

t 

Z^^n'^(^r)dWis), se[t,T]. 
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where Wt;o<t<T is an n-dimensional Brownian motion, independent of W, and a™', 6™, J™, 
and g"^ are defined in Section 15.1.11 
Define 

u^'^^i^jt) :=esssupy'''"^'^*'"(t). 
Like Section I5.1.H we have the following slightly different convergence: 

\u^'"'{jt)-u{jt)\ < C(0sc(7t,m-i) +m-H<5). (5.39) 
The value functions defined by, for any integer i = 1, - ■ ■ ,m, 

i-l 

are the viscosity solutions of the following state-dependent PDEs 

(i,4)G(ii-i,ii)x IK'''", i = !,••• ,rn; 

(5.40) 

Since the coefficients in f/'™-'* are twice differentiable, V^'^''^{-, XiZi, •) G VF^'^'°°(M") (see Lions 
|25|). and there is a constant C, independent of m, i, and 5, such that 

Id^.x^'"'''] < C5-\ (5.41) 
< C, (5.42) 
> -C. (5.43) 

Now we turn to our smoothing approximations. First We mollify y^''"'* similar as (l5.1Up . 
Define the mollifier : M x M as follows 



Cexp ( - (1 - [(t - 1)2 + |x|2])-l), (t - 1)2 + |x|2 < 1, 

0, else, 



where C is the constants such that J 99 = 1, and the scaled mollifier 

V..(-) :=e-"-V(-). 
We extend V^'"^'"^ on the interval t € [— l,tj_i] by 

y'^''"'^(t,4) = ^"''(t^-i,it). 
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Now we mollify 



Then mollify the equations (|5.40p , hence y/'™'* is the classical solutions of the following equa- 
tion 



i < m, Xo & 



where 



(5.44) 



sup F^-'-'Xt, 51, V'^"'^\ d^y^'^^\ d^^^y 



5,Tn', 



rh.ras 



rh.raA 



Now we estimate the low bound of /. 



/ > sup 



sup i/^'-'Ht, 4, K'''"'', 5,,^''"^^ S,,.,^/''"^ a) 



> — sup 



sup 



sup 



// + /// + IV 
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Noting assumption (H3) and (|5.4ip . we have for any {t,Xi) € x M", 

\II{t,Xi-l,Xi)\ 

Tr(a™'Xa"^'*)^C^'''"''(^,5^,y))'^(i -s,x,- y)dtdy 



B,it,Xi) 

-Ti{a^'\a^'Y{t, x,) [ dl^V^'^^'^s, 5"!, yMt -s,x,- y)dtdy) 

JB,{t,Xi) ^ 

■dl^^y'^'^'\s,IIIi,y)]^{t -s,x,- y)dsdy 
< Ce6-^. 

Similarly, < Ce and \IV\ < Ce. Choosing e := 5^, we have 

/ > -C6. 

Define 

m 

^''"(7t) :=Y.Xlu^,,tMt)y5'^'it^^t{ti),lt{t2)-lt{ti) 



i=l 



Then n satisfies the inequality in the classical sense: 

-dtu^''^-6^Au^''''-suph'^{jt,u^'"',Du^'"',D\^'''\a) > -C6. (5.45) 

Besides, noting (|5.39p and the inequality |v^^'™'* — ^ (Je, and choosing e = 5'^, we have 

k'^'"^(7t) - n(7t)| < C(0sc(7t,m-i) +m-^+6). 
From we have 



5.,.,n'^'" > -C. 
We assert that u > u. Otherwise, we would have 

inf{tt — u} = —V < 0. 



(5.46) 
(5.47) 
(5.48) 
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As in the proof of Theorem 15 -H there exist 7 G Ay and t G [0, T), for sufficiently large m and 
sufficiently small 6, such that 



n^'-(70-n(7t)< 



u'^'™(74) - n(7t) < n^''"(7«) - n(7s), V7s G 

Then ipi'js) := ^t'''"*(7s) — "^(74) +ii'''™'(7j) (7s G A"^*) lies in J''^{u,jt)- Since ti is the viscosity 
super-solution, we have 



> -Dttp{'jt) - sup h{jt,ip{'yt),Da;'il^{jt),D^^'il^{-ft), a) 



-Dtu''"'ijt) - sup hi-ft,u{-ft),D,u''"'ijt),D,,u'^"'{-ft),a). 



Subtracting (j5.45p from (|5.49p . we have 
Cd 

j:2 A„.5,i 



> 5'An'^'"(7t) + inf^ i Tr [(^'"(a"^)^ - aa^)D\^''^^ (jt) 



(5.49) 



(5.50) 



By the estimates (j5.46p - (|5.48p we have 



Tr 



52An^''"(7t) > -C6' 



{{a"' - a)Du^'^ijt)\ < C0sc(7T,m~i), 

and from (j5.37p . we have 



> - \r{-,u''"', a'^Du'^^, a)(7t) - /(•, n"'", a'^Du'^^, a){^t)\ 
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Thus ([530]1 yields 



6C > -C6'^ - COsc{jT,m-^) - C0sc{jT,m-^)6-^ + hjv. 

We deduce the contradiction by sending m to oo and then J to 0. 
Step 2. We show u < u. 

For arbitrary fixed a & U, consider the fohowing systems 



= (P™7t)(s), a.e. a;,0 < s < t, 

j^m,7t,a(^) = (P'"7t)(t) + // 6"(Xr'^*'", a)dr 



+ j (7"(X,"^'^"",Q)dVF(r), 



a.e.-cj, all s G [t,T]; 



Z'"'^*'°(r)dVF(s), sG[t,r]. 



Define 



i-1 



\ i = 1, • ■ ■ , m. 



It is easy to see that y"^'* is the viscosity solution of the following piecewise quasi-linear 
parabolic equation 



2^r?i G 



According to the parabolic PDE, thanks to the smooth coefficients o"™, 6™ and Z™, we have 
Xj-i, •) S C"'^'^([ti-_i, tj] X M"), and there exists a constant C (independent of m, i) such 

that 



Thus u™'" is the classical solution of the following PPDE: 

—utu ' — n (7t, n ' , Uu ' ,L>u ' ,a) = U. 



(5.51) 
(5.52) 
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Using the density of step controls (see |22)). we just need to prove for arbitrary fixed a £ U, 



If it was not the case, we would have 



sup (y^' 

7tGA 



7t,« 



i(7t)) := 1/ > 0. 



Using the method in Step 1, combining |u™''"(7() — Y^'"°'\ < Cosc(7t,m we deduce that 
there exist 7 € At, t G [0,T), for sufficiently large m, such that 

n-''^(7i)-n(7i)>^ 

u"^'"(7t) - n(7t) > tx'"'"(7,) - n(7.), V7. G A^*. 

Then V'(7s) := ^^^'"^(75) — ""(7*) + u^^'^'ijt) (7s G A"^*) lies in J{u,^t)- Since n is the viscosity 
sub-solution, we have 



< -A?/'(7t) - sup /l(7t,'(A(74),-DxV'(7t),-Ca;a;^(7t),a) 

= -Dtu'^'^i-ft) - sup /i(7t, u(7t), l?x-n"'"(7i), l?xxn'"'°(7t), «). 
Comparing of (|5.52p and (j5.53p , we have 

- sup h{%u{jt), Du"''^{-ft),D^u^'''{jt), a) 



< TV 



u 



m + (6" - b)Du^'-{jt) 



(5.53) 



In view of the Lipschitz continuity of the coefficients and estimates (j5.5ip , proceeding similarly 
as in Step 1, we obtain the contradiction. □ 
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